FIRST PASSAGE TIMES FOR SYMMETRIC
STABLE PROCESSES IN SPACE

BY
R. K. GETOOR()

1. Introduction. Let {X(¢); 20} be the symmetric stable process in R¥
of index o with 0 <a<2; that is, a process with stationary independent incre-
ments, whose continuous transition density, f(¢, x—7), relative to Lebesgue
measure in R¥ is uniquely determined by its Fourier transform

1.1 et = fe"“-f)f(t, x)dx.

Here £ and x are points in R¥, dx is N-dimensional Lebesgue measure, (x, £)
is the usual inner product in R¥, and |x| 2=(x, x). Throughout this paper
integrals will be over all of R¥ unless explicitly indicated otherwise. If ¥>0
define T'(r) =inf {t: |X (t)| >r}. Thus T(r) is the first passage time of the
process X () to exterior of the ball {x: |x| <r}. The main purpose of this
paper is to prove the following formulas:

(A) EfT(n)} = K(a, N)(r* — | z|9),

* a N
(B) E{T(r)?} = ar*K(a, N)’f - | xlt)al?—lF (_ - _2;

N+ a
2

; tr")dt

where

(1.2) K(a, N) = r(l—:)[zar(l + %)r(N : a)]-l.

These formulas hold provided |x| <r. In (A) and (B) above E,{ -} denotes
the expectation under the condition X(0) =x and F is the hypergeometric
function. Note that
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If a=2 these results reduce easily to standard facts in the theory of
Brownian motion (note that if «=2 then X(¢/2) is the usual Brownian mo-
tion). If N=1 and a=1 formula (A) was obtained by Kac and Pollard [10].
More recently J. Elliot [4] has obtained (A) in the case N=1 and 0<a<]1.
We will prove these formulas when 0 <a <2, the case a=2 being well known
and much simpler. Finally let us mention that formula (A) answers a conjec-
ture of Kac [9] in the affirmative.

Formally it is easy to see that the functions g(x) =E.| T(r)} and A(x)
=E,{T(r)?} satisfy the equations

Ag=-17

(1.3) Ah=2,

where A is the (infinitesimal) generator in an appropriate function space of
the “absorbing barrier” process on {x: | x| <r}. Our method consists in giving
a precise meaning to (1.3) and then solving the resulting equations. In carry-
ing out this procedure we obtain some results about the stable processes of
interest in their own right. §§2, 3, and 4 contain the necessary preliminaries.
Formula (A) is proved in §5 and formula (B) in §6. However,theratherlengthy
computations involved in the proof of (B) are given in the appendix.

2. Preliminaries. Let {X(£); =0} be the symmetric stable process in R¥;
that is, a process with stationary independent increments whose continuous
transition density is given by (1.1). Of course, in order to specify X(f) we
must also give its initial distribution u. We always assume u assigns mass one
to some point ¥ in R¥ and write P; for the corresponding probability measure.
It will be convenient to take as our basic probability space, W, all right
continuous functions, w, from 0=t< « to R¥ which have left-hand limits
everywhere and are bounded on bounded ¢-intervals. Our basic o-algebra, ®,
is the usual o-algebra generated by cylinder sets. Thus we have a collection
of probability spaces (W, ®, P,),oneforeachxin R¥,such that P,{X 0, w) =x}
=1. Here we have used the notation X (¢, w) =w(¢).

Let G be a bounded open subset of R¥ whose boundary has zero (N-
dimensional Lebesgue) measure. Let G be the closure of G and define

(2.1) G(t) = {w: X(r, w) € G forall r with 0 S r < #}.

It was shown in [7] that G(f) E®. Note that we are using a slightly different
notation from that of [7]. Asin [7] we define

(2.2) Ke(t, %, 4) = K(t, %, 4) = P[{X()) € 4} N G()).

Here A is a Borel subset of R¥. Thus K(¢, x, A) is the probability of being in
the set 4 at time ¢ without ever having left G starting from x. It is clear that
for each (¢, x) the measure K(¢, x, -) is absolutely continuous with respect to
Lebesgue measure and we denote the corresponding density by k(¢, x, ). Of
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course, k(¢, x, +) is only determined almost everywhere. It was shown in
[7] that % could be chosen to be jointly measurable in its three variables.
Let T=inf{t: |X (t)l €G}. The right continuity of the paths implies that
T is a random variable. The fact that the process under consideration has the
extended Markov property implies at once that the following first passage
relation holds (this is often called the Désiré-André equation; see [12])

@3 foz-n=remn+ [ [ AT € X(D) € dilflt = 7,5~ )
0 z¢ ) .

for fixed >0, x in G for almost all y in G. We assume from now on that % is
chosen to satisfy (2.3) for all t>0 and «, y in G. Using the properties of P,
given in [7] it is easy to see that k is jointly measurable in its variables. Also
it is clear from (2.3) that k(¢, x, ¥) is continuous in y for fixed ¢, x. The follow-
ing theorem is the basic result of this section.

THEOREM 2.1. If t>0 is fixed, then k(t, x, y) =k(t, ¥, x) for all x, y in G.

Proof. We remark that it follows from the general results of [7] that
k(t, x, y)=Fk(t, y, x) almost everywhere on GXG. However in the present
paper we need this symmetry for all x, y in order to establish the continuity
of k in its second variable.

Let I, be the characteristic function of the half open interval 07 <¢. In
the remainder of this proof >0, x, ¥ in G are fixed. If H(x, y) denotes the
second term on the right of (2.3) we have (we write f(¢, x, y) for f(t, x—7))

H(x, y) = E{f(t — T, X(T), )1(T)},

and clearly it is enough to show that H(x, y) = H(y, x). Consider the points
mt2—" for m=0,1, - - - and n=1, 2, - - - . Define

0 if X(0) & G,
T, = {m2™= if X(jt2") € G for j <m and X(mt2—) & G,
0 if X(0) € G and there is no such m.

Using the right continuity of the paths it is easy to see that T, decreases to
T and hence X(T,)—X(T) as n— . Since f(r, 2, ¥) is a bounded continuous
function of 7 and z for 0=7 =<t and 2&G if y is fixed in G, it follows that

H.(x,9) = Eu{f(t — Ty X(Ta), )I(Tw)} — H(z, y)

as n— . Thus it is sufficient to show that H,(x, ¥) = H.(y, x).
Let W, be the subset of W satisfying X (0) =x and X (¢) =y, i.e., the space
of “tied paths.” On the cylinder sets of W of the form

U={wwlt) EA;0St<t< -+ <t St}

we define the finitely additive measure .P, as follows:
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PyU) = ft, % — 9} f f St % = 5)f(ts = 1 52 = )

s ft =ty y — 2)dz, - - - day,
where f(0, x—y) =8(x—1y). If we write out H,(x, y) we see at once that
Hu(z, y) = f(t, x — y)st{Tu s t}-
Note that ,P,{ T..=t} =0 since y is in G. Finally if we introduce
Sa=max {jt2"':j§2", X(ji2—) &3} or S,=t+1 if there are no such j and
note that as subsets of W, we have

2"—1 2"-1
{Tast} = U U {T.=m2m;S, =jn—}

Mml  Jum
it is not difficult to see that ,P, { Tn <t} =,P.{ Tw<t}.This completes the proof
of Theorem 2.1.
Finally the continuity of k(¢, %, ¥) in y and Theorem 2.1 imply that

k(¢, x, ¥) is continuous in x on G for fixed £>0 and y in G.
3. The generator. It is well known [7; 8] that the transformations

SHE = [ 16,2 = 9e6)y
= E{¢[X ()]}

form a semi-group of self-adjoint contraction operators on Ly(R¥) =L, which
is strongly continuous for :=0. Of course, we define So=1. If ¢ is in L; let
é=F¢ be its Ly Fourier transform, that is,

@3.1)

6® = FH® = [ seve(as,
3.2)
o(x) = (2m)Y f SO 0d,

The integrals in (3.2) must, in general, be interpreted as L, integrals. Clearly
(3.3) (FS@)(§) = e18°g(¢).

If Q is the (infinitesimal) generator of the semi-group {Si; t=0}, then, as is
easy to see [8, Theorem 21.4.2] we can characterize © as follows (of course

D(R) CLy):
D(0) = {¢: | £]°6(®) € La},
Q¢ = F1[— | £]$(®)] if ¢ € D(D).

It was shown in [7] that the transformations

3.4



1961] FIRST PASSAGE TIMES FOR SYMMETRIC STABLE PROCESSES 79

T = [ 165 0060y
= E{¢[X()]; X(+) € G for all + with 0 < 7 < ¢}

form a strongly continuous semi-group of self-adjoint contraction operators
on Ly(G). Note that Ly(G) = Ly(G) since the boundary of G is a null set. Let
A be the generator of { Tet 0} ; then A is an unbounded self-adjoint operator
in Ly(G). .

It will be convenient to introduce certain approximating semi-groups as
in [7). Let Va(x) =0 for x in G and V,(x) =2 if x not in G. Define

3.5

K®™(t,x, A) = E,{exp (- fotV,.[X(f)]dr); X e A}

for t>0, x in R¥, and 4 a Borel subset of R¥. It was shown in [7] that
K®™(t, x, -) has a density k™ (¢, x, y) with respect to Lebesgue measure that
is jointly measurable in its variables. In addition it was shown that the
operators

(n)

@)@ = [[£76, % Do)y

- E {¢[X ®] CXP(- L‘V"(X(’)) d’)}

form a strongly continuous semi-group of self-adjoint contraction operators
on La:(RY). Also k™ (¢, x, ¥) =f(t, x—y) for almost all y for fixed (¢, x). In the
notation of [7] we have S;=T\[0, R¥]; T™ =T,[V., R¥], and T\=T\[0, G].

It will be necessary to consider these operators on L, as well as on L,.
It is immediate that {S:; 20} and {T(; =0} are semi-groups of contrac-
tion operators on Ly(R¥), while {T; ¢=0} is a semi-group of contraction
operators on L;(G). We use the same letter to denote the integral operator
acting either on Ly or L,. It is well known [8, Theorem 23.13.1] that {S,;¢=0
is strongly continuous for ¢ =0 on Li(R¥). Also it is easy to see that { T™;t=0
and {T,;¢=0} are strongly continuous for ¢=0 on L;(R¥) and Ly(G) respec-
tively. Thus the generators of these semi-groups exist as densely defined
closed operators in the appropriate spaces. Since domains are important in
discussing these generators we will use a superscript “1” to denote the gener-
ator of a semi-group acting in an L, space. Thus Q is the generator of
{Se; 120} acting on Ly(R¥) and Q! is the generator of {Si; 20} acting on
L,(RY). Similarly A and A! are the generators of {T.; th} acting on Ly(G)
and L,(G) respectively.

In the sequel it will be convenient to regard Ly(G) as a closed subspace
of Ly(R¥) by setting ¢(x) =0 for x not in G if ¢ is in L,(G). Note that multi-
plication by Ig, the characterististic function of G, is the orthogonal projec-

(3.96)
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tion from Ly(R¥) onto Ly(G). Similarly we will regard L,(G) as a closed sub-
space of Li(R¥). The following approximation lemma is now easily proved;
for example, by methods analogous to those used in the proof of Theorem 4.1
of [7]. '

LEMMA 3.1. (i) If ¢ is in Ly(RY) then T®p—TI o weakly as n— .
(ii) If ¢ is in Li(RY) and ¥ is a bounded measurable function with compact
support, then

[ 1% @iz [ 7ot @wiara as o @,

In [6, Theorem 5.1] it was shown that the generator of {T{™;¢=0}on
Ly(RY) is @— V, using only Banach space methods. Thus with only trivial
modifications of the argument given there we find that the generator of
{T®™; t=0} on Li(R¥) is Q'— V.. We now state the main theorem of this
section.

THEOREM 3.1. (i) If ¢ is in D(Q) and Iep=¢, then ¢ s in D(A) and

Ap =10
(ii) If ¢ is in D(QL) and I =0 then ¢ is in D(A?) and A'p=10'¢.

Proof. Since the proofs of these two statements are similar, we will con-
fine our attention to (ii). Let Iy, J{, and Jy be the resolvents of the semi-
groups {Si; t20}, {T™; t=0}, and {T\; £=0} respectively. Let A>0 be
fixed throughout this proof. Now if ¢ is in D(Q!) then ¢ is in D(Q— V,) and
hence ¢ = J™Y, for some ¥, in Li(R¥). But V,$=0 since ¢ is in Ly(G). There-
fore

Yn= A= (0= V)]p = (A — aY¢.

Defining ¢ = (\ — Q)¢ we see that J™y,=J™y. If b is a bounded measurable
function with compact support, then using Lemma 3.1 (ii) it follows readily
that (b, ¢)=(b, JWa)= (b, J{"Y)—(b, \Ia¥). Here (b, h)=[b(x)h(x)dx for
any b in L, and k in L. Thus (b, ¢)= (b, JnIa}) for all bounded measurable
functions b with compact support, and therefore ¢ =J I ¢¥. But this implies
that ¢ is in D(A!) and A —AVp=Ig¢=T¢A—Q)¢, or equivalently, Al¢
=14Q% since I¢p=¢. This completes the proof of Theorem 3.1.

4. The inverse of the generator. Throughout this section, as in the previ-
ous sections, G denotes a bounded open subset of R¥ whose boundary has zero
measure. In §2 we showed that k(¢, x, ) is a continuous function of x for
fixed ¢ and y. Also we have the following estimate

(4’1) k(t’ X, 3’) éf(t, X — )’) S ¢t Nla

where ¢ is a positive constant independent of x and . In this section we prove
only what will be needed in §5. The results that we obtain certainly are not
the most general possible along these lines.
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THEOREM 4.1. If ¢ is a bounded measurable function on G, then
Jdtf ak(¢, x, ¥)p(y)dy exists for all x in G and defines a bounded continuous
function on G.

Proof. Since ¢ is bounded it is obvious that [idtfek(t, x, ¥)¢(y)dy exists
for all x in G, and if @ <N then (4.1) implies the existence of the integral over
(1, o). Moreover each of these estimates is uniform in x. Since
Jek(t, x, ¥)¢(¥)dy is clearly a continuous function on G for each fixed ¢>0,
Theorem 4.1 follows in the case a <N. )

To treat the case N=1=Za <2 we use the following argument. In §6 of
[7] it was shown that

(4.2) k(t, %, 9) = 20 €74'(2)65(3)

J=1
where { —)\;} is the discrete spectrum of A, the generator of { T; t=0} acting
on Ly(G), and {¢,~} the corresponding complete orthonormal system in Ls(G).
Also 0SM SN - - -, and each A, is repeated according to its finite multi-
plicity. It was shown in [7] that eigenfunctions ¢; may be chosen to satisfy

.9 @) = [ 1, 981000

for all x in G and ¢> 0. Since k(¢, x, ¥) is continuous in x for fixed ¢, y, it follows
that each ¢; is continuous on G. Moreover A\, >0, since if ¢ were an eigenfunc-
tion corresponding to the eigenvalue 0 we would have, letting ¥ =|¢|,

¥(x) = f ¢,f(t,x — yW(9)dy £ K f NNYRdE >0 ast— o,

Thus A =0 is not an eigenvalue. Finally the sum in (4.2) converges absolutely
for t>0, x, y in G. The above remarks hold for all values of N and a.

Returning to the case N=1=<a <2 it follows from the results of [2, Equa-
tion (3.6)] that \j~Mj* as j— o where M is a constant independent of j.
Straightforward estimates yield

fdxf tdtfk(t,x,y)|¢(y)|dyéKZR_;< ©,
q 1 (] Jum1

and therefore using the Fubini theorem the integral in Theorem 4.1 exists
for almost all x in G.

Since G is bounded it is contained in some ball (interval since N=1)
{x: ]x] <Ro} . Choose R>3R, and let kE(t, x, y) be the transition density for
the absorbing barrier process on B={x: |x| <R}. Applying what has just
been proved to B there exists an x, in G such that [°dtfskR(t, xo, y)dy < .
Since X (¢) has independent increments it is not difficult to see that for each
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fixed x in G we have k(¢ x, )Sk“(t X0, ¥y+xo—x) for almost all y in G.
Thus for each fixed x in G

f dt f k@, x, y)dy S f at f k(t, %o, y)dy < o,
0 (] 0 B

and since this estimate is uniform in x, Theorem 4.1 follows in the case
N=1=2a<2.

Recalling that A! is the generator of { T:; t20} acting on Ly(G), we state
the following theorem.

THEOREM 4.2. Suppose ¢ ts in D(AY) and let p=AY. If ¢ is bounded on G,
then

f.. " fo k0, 2, 3)00)dy = — ¥(z)

almost everywhere on G.

" Proof. Using (4.1) and the fact that each T is a contraction on L;(G) it
is not difficult to see that T,g—0 in Ly(G) as — «» for all g in Ly(G). Thus

Sz = [Trava- [ = (T = T -

where we have used the strong continuity of { T; #20} and the above remark.
The above integrals are L,(G) Bochner (actually Riemann) integrals. Theo-
rem 4.2 is now immediate since the Li(G) integral must agree almost every-
where with the pointwise integral whose existence was established in Theo-
rem 4.1,
5. Proof of formula (A). In this section we assume that G = {x: |x| <1}.

As in the introduction we define T'=T(1)=inf{: |X (t)l > 1} It follows
easily from our definitions that

(5.1) P[T > ] = f k(t, x, y)dy.
¢
TueoREM 5.1. If | 2| <1, then
E(T) = f di f k(t, =, y)dy.
0 lyl<1
Proof. Let F.(f) =P.[T>t], then
ET) = — f (aFL() = — lim 17.() + f F.()dt.
[} - ®© [}

Using (5.1) and Theorem 4.1 this last integral exists for all x with |x| <1.
On the other hand
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Fi(t) = X egy(2)(1, ¢,)
j=1
where the sum converges absolutely for fixed ¢ and x. If £,>Ai?, then e
Stee™i*% for all j and ¢>#. Thus by the bounded convergence theorem
tF.(t)—0 as t— », This establishes Theorem 5.1.

COROLLARY 5.1. Suppose g s in D(AY) and g is continuous on {x: | x| <1}.
If Aig=—1, then E.(T)=g(x) provided |x| <1.

Proof. Combining Theorem 4.2 and 5.1 we see that E.(T) =g(x) almost
everywhere on G. But Theorems 4.1 and 5.1 imply that E.(7T) is a continuous
function of x on G and since g is continuous by hypothesis, we obtain the de-
sired equality for all x in G.

It is known (Theorem 21.4.2 of [8]; see also page 658 of [8]) that the
generator Q! of {S.; th} on L,(R¥) may be described as follows: ’

(i) QY= {¢: ¢ELy(RN) and |£ | «$(£) is the Fourier transform of some

element in L,(R¥) } .
(i) If 9ED(QY), then Q¢ is the element in L;(R¥) whose Fourier trans-
form is — | £|*$(¥).
In [8] this is proved in the case N=1, but the extension to general N is
straightforward. Thus in view of Theorem 3.1 to solve the equation Alg= —1
it would be sufficient to find a g in D(Q!) which is zero for |x| >1 and such
that Q'g= —1 for | x| <1. It is clear from the probabilistic considerations that
g should be a radial function and its Fourier transform #(|£|) should also be
radial. Using the Fourier inversion formula for radial functions [3, p. 69] the
above conditions become

g(®) = 2x)~13| g[t-N02 j; mt"/’g(t)fw_,m(tl x|)dt=0
if |x] >1,

—@g)(a) = Qe | [ ] 2] a1 = 1
if |2 <1.

These equations are “dual” integral equations of the type considered by
Titchmarsh [13, p. 337] and one can write down the solution 2 at least
formally. It is then possible to invert g, again formally, to obtain g. Unfor-
tunately it seems difficult to justify these formal calculations and so we will
write down the g obtained formally in this manner and then verify directly
that it is in D(A?) and satisfies Alg= —1.

THEOREM 5.2. Let g(x)=K(e, N)(l--I::c|2)"'/z if |x| <1 and g(x)=0 if
le =1 where K(a, N) is given by (1.2) ; then g€ D(Q') provided 0 <a<2. If
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H@ =1 if |=| <1,

o= [r(-D)r (T R

F<a+2 N+a.N+a+2.-

2 ' 2 ' 2

(5.2)

| 2|~
if | 2| >1,
then Q'g=—H,

Proof. In view of the characterization of Q! we must show that H is in
Ly and A(§)=|£|“8(¥). Clearly H is integrable provided we stay away from
the sphere |x| =1. Using the transformation [11, p. 9]

(5.3) F(a, b;c;8) = (1 — 2)°°3F(c — a,¢c — b;¢; 2)

provided |s| <1 and the fact that the power series for F(a, b; c; 5) converges
absolutely on |s| =1 if a+b—c<0, we see that H(x)~K|1—|x|?|-=/* as
|| | 1. Since 0 <a <2 this implies that H is in L.

It is an immediate consequence of formula 33, §8.5 of [5] that

1
2(®) = 2x)¥*K(a, N) | §|-¥02 f 11 — )12 y_sy o(t] €] Dt
0

(5.9
o = (2m)¥iT (% [2%1‘ (N : a) I El‘”"""’] RSAILH

We must now compute H(£) =¢ (&) +y(§) where

1
8(©) = e | e [ sy 6] €]
0

= Q@m)¥e| g~ Tys(] E]),

and

v(E) = [I‘ (—%) r (ﬂi‘_;_’*_‘__i’)] -1(21)1'/2 r (.g) Higk

= a+2 N+4+a N4+a+2
Xj‘l t—-le—aF( ; , > ; > ;t‘t)J(N-s)/:(tlfl)dt.

Calling the integral I, and integrating by parts using the first differentiation
formula on p. 10 of [11], we find
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N+a+2
1(——7——>u1—an)

L= e Jav-ns(] €])
“(23

© N N 2
- _|_€_|_f n—a—NnF(—az-,z To Mrad ;r*)sz(Itlt)dt-
a 1 ’

2 2

This last integral, I3, is conditionally convergent and integrating by parts
again using this time the third differentiation formula on p. 10 of [11] we
obtain

P((N +a+2)/2)I(1 - a/2)
r(y +2)/2)

f NI — 1)~ 0y (| €] )de.

L=- |£|“J<§r+z>n(| £))

m
This last integral, I, is easily evaluated (see formula 32, §8.5 of [5]) yielding
Iy = 271T(1 — a/2) | £|*"*Y sy a(| €] ).

Combining these formulas and using the recursion formula for Bessel func-
tions it is not difficult to see that A(f) = |£| «§(£). This completes the proof of
Theorem 5.2.

If we now take into account Corollary 5.1 and Theorems 3.1 and 5.2 we
find immediately that

(5.5) E(T) = K(a, N)(1 — | z|?)e2

provided 0 <a <2 and |x| <1. However (5.5) also holds when |x| =1 since
both sides are zero then. But (5.5) is formula (A) in the special case r=1.
formula (A) for arbitrary >0 now follows easily from (5.5) and the fact that

P.[rX(t) € B] = P..[X(r) € B]

for all >0 and all Borel subsets B of R¥, We omit the details.
6. Formula (B). In this section, as in §5, let T=T(1) —mf{t |X(t)| >l}
and G={x: | x| <1}. Exactly as in §5 we find that for |x| <1 we have

EAT?) = f #4F ()
]

= 2f tdtfk(t, x, y)dy.
0 ¢

Also argtiments similar to those used in Theorems 4.1 and 4.2 show that if
¥ is in D((A)?) and ¢ = (A!)% is bounded then [3*tdtfck(¢, x, v)p(y)dy =¢¥(x)

(6.1)
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almost everywhere on G and that the integral is a continuous function of x
on G. Thus we have the following theorem.

THEOREM 6.1. Suppose h is D((A')?) and is continuous on G, then if (A1)*h=2
we have E.(T?) =h(x) for |x| <1,

We know from §5 that if g(x)=K(a, N)(1— |x| 3)a/2 then Alg=—1.
Therefore if we find an &k such that

(6.2) ‘A= —2g

it will follow that (A!)*h=2. To solve (6.2) we proceed as in §5. We look for
an k such that & is in D(QY), k=0 for | x| >1, and Qth= —2g for | x| <1. This
again leads to a pair of dual integral equations for % that we can solve
formally. In turn we obtain & formally by inversion. It is then necessary to
verify directly that & is the desired solution. The necessary calculations are
contained in the following theorem.

THEOREM 6.2. Suppose 0 <a <2 and let

W) = aKe, M) [ ¢ = |x|’)“”“F( “,E;N+“;:)dt

1z1® 2 2 2
if | x| <1 and h(x) =0 if | x| 21, then hREDQY). In fact, if
g(x) = 2g() if 2] <1,
(%) = 2K( N)r(ﬂ) [r(—f—) r(N + “) | xl”"’"]-l
g = o 2 2 2
1 a N N+a
(N+a-2)/2(] — y-t-aftp ——, — . .
Xj;t (1 -t/ x[» F( 7’3 2 )dt
rif | 2| > 1,

then g is in Ly and | £|*h(§) =§(¢), s.e., Vb= —gq.

The proof of this theorem involves a rather lengthy computation and
will therefore be given in the appendix. It is now immediate that (A!)%*h=2
and from this formula (B) follows easily, 0 <a <2. It is perhaps of interest
to note that if a=2, formula (B) reduces to

r? 1
(r* — | x|’) —_—
2N AN(N + 2)
and this is easily seen to be correct, even though the computation leading to
formula (B) is only valid for 0 <a<2.
Note added in revision. Since the first version of this paper was written,

H. Widom, Stable processes and integral equations, Trans. Amer. Math. Soc.
vol. 98 (1961) pp. 430-450, has computed the potential kernel for the absorb-

E(T?) = = |=]9
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ing barrier process on G={x: |x| <1} in the case N=1. That is, he found
o k(2, x, y)dt and so E,(T) could be computed by integrating his result over
G. Also all the moments of T may be expressed in terms of the potential ker-
nel, and so in essence he has all the moments of T.
Appendix. Proof of Theorem 6.2. Throughout this section our standard
reference for properties of hypergeometric functions will be [11]. Also M will
denote a positive constant, not necessarily the same at each appearance.

LEMMA 1. The function q defined in Theorem 6.2 is in Ly(RY).

Proof. It is simple to see that g is integrable except possibly at |x| =1.
For 1<|x| <2 we have

1
I q(x)l = uj; (1 — [l xli)—l—andt

3
;—é*;lxl—’)

|-

a
s MF(I + —2—;
< M(I xlz — 1)-er2
and thus g is integrable near |x| =1.

LEMMA 2.
[aK (@, Ny'w¥i20+008]-14()

N y B
=15 r@[r(G + o) lelwwon] otz

Na a
r(= —(N+a) /2
+N+a (2)|£|

2—a N+2 N+a+2
H ‘t’)dt.

1
.J;t(N"""'””J(Nn)/!(‘“I)F( 2 2 2 ,

Proof. We write

1 a N N+a
h(z) = 2aK(a, N)? f he, x)F( , 2 : 2) dt
0 2 2 2

where

@ = |2y, ez |4,
0, t< | x|.

From formula 33, §8.5 of [5] we have

h(t, x) = {

5“, ) = AV IWHe 2D (_:_) | £| G—aN) 3 (N+a=2 2] . o /8(‘| EI )
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and it is easy to see that in computing A(£) we.can interchange the order of
integration. Computing A(f) in this manner and then integrating by parts (we
differentiate the term F(—a/2, N/2; (N4a)/2; #*)) we obtain. Lemma 2.
LemMa 3. If | x| <1, then (1—|x|?)*/2=¢(x) +(x) where ’
a N N+4a
= F —_ = — 2
o) = (=20 517 5l

and

=g (@) ()5 ]

xflzltNMlF(N.'-a, 2+a;N-|-a+2;"|x|_’)
0

2 2 2

-F(2 @« N+2;N+a+2;t’>dt.
2 2 2
Of course, Y(0) =lim, .o ¥(x) =0.

Proof. This is clear if x=0. Let x with 0<|x| <1 and a with 0 <a <2 be
fixed. If we regard ¢(x)+¥(x) as a function of N for complex values of N,
it is not difficult to see that ¢+ is analytic in N provided Re(N)>0. Per-
haps the simplest way to see this is to use the integral representation (p. 8
of [11]) for the hypergeometric function and then apply Morera’s theorem.
Thus using analytic continuation it will suffice to prove Lemma 3 for real N
satisfying N>2—a.

In the expression for y(x) we first make the change of variable u =2 and
then integrate by parts twice, the first time integrating the term,
F((N+a)/2, 2+4a)/2; (N+a+2)/2; u), the second time integrating the
term F((2—a)/2, (N+2)/2; (N+a)/2; u|x|?). In this way we find (in the
second integration by parts we need N>2—a)

—Na| x| 2—a N+2 N+a+2
: A ; 1 2l?)
N+a)(N+a-2)

Vi) = 2 2 2

N N4a-2
_F<_i, A T , |x|2)
2 2 2

ot a-r(2)

+ 7
r(1-3)r(57)
2 2

b . a N NH4+a-—-2
. f [Nt (] — I)“""*F(—-——; ——— tl xI’ dl.
0 2 2 2
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Calling this last integral J and using the integral representation on p. 11 of
[11] we have

(- ] o

Combining all these results and using the third recursion formula on p. 9 of
[11] we obtain Lemma 3.

LEMMA 4. The function ¢ defined in Lemma 3 can also be written

s = ()G +o)r(3)]

N ! /2—a N+2 N 2
2 f tF( z + ; tet ;t’)dt.
N + alJ 2

2 2

Proof. This is an immediate consequence of the second differentiation
formula of p. 10 of [11].

Lemma 5. If |x| > 1, then

o = ¥ i ~ K, N)r(%) I'(e) [r (—-';i) r (—;’-) r (% + a) | x|~+.] -

N 2 N 2
XF( +a, +a; + a4+ ;|x|_’)
2 2 2

* e e G)[r(5)r(5) ]

1 -
Xft‘”*“”’F(z a,N+2;N+a+2;’)
0 2 2 2

2 N 2
><F(N-i-c« t+a Nt+a+ ;t|x|")dl.

2 2 ' 2

Proof. This follows easily if we integrate by parts.
Let H(x) be the function defined in (5.2) and set H(¢, x) =t~ ¥+« /2H(x/1)
if £>0. If we combine Lemmas 3, 4, and 5 we can write

¢(%) = 2K(a, )T (N :' a) I'(c) [r (lzr- + a) r (—3—)] “HA, 9

2Na
N4+ a

(A-1) +

K(a, N)

1 2 - N+2 N+a+2
X f [N+ RH (1, %) F( , ; a ;t”) di.
0 2 2 2
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Also Theorem 5.2 implies that -
N +a\7
A2 BGY = (2:)**/*1*(%) [zmr( )] el .

From (A-1) and (A-2) we can compute §. The necessary interchange in order
of integration is easily justified. Combining this result with Lemma 2 we
see that §(f) = | &| *A(¢). This completes the proof of Theorem 6.2.
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